Statistical Methods

Yiannis Tsapras

Exercise 6 for Monday, 18:00

Maximum Likelihood Estimation

6.1 Planning an experiment: where should I take measurements?
(partly analytical)

In this problem, you will determine the best placement of measurement points to estimate the intercept
of a straight line (with the y-axis) with maximum precision. The accuracy of your estimate depends
on the locations of the data points, given that all measurements have the same uncertainty.

This is done by a least-squares fit to the measured points (x;,y;),7 € {0,1,2,...}. A measuring device
measures all y;-values with equal precision s so that y; ~ N (¥ true, 52). The point x is fixed at xg = 1
while the other points can be placed freely in the experiment (within reason).

a: Fach measurement is very expensive. You managed to obtained limited funding to run an
experiment, which allows you to measure only two points. Where do you place point z; to
obtain the highest possible precision for the line intercept? What is the attainable precision (in
units of s)?

Hint: in the lecture the formula for the Fisher information in the case of least-squares was
given for independent normally distributed uncertainties. By inverting the Fisher information
for the present case one arrives (after some algebra ...) at the following covariance matrix for
the estimated intercept b and slope m (8 = (b,m)7)
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Since we are interested in the uncertainty of the intercept b, we need to minimize Var[b], which
corresponds to the (1,1) entry of the covariance matrix.

b: After some effort, you managed to secure additional funding to measure a third value, 2. Where
do you place the points 1,22 now? What is the best possible precision of b in this case?

Hint: Instead of solving the covariance matrix algebraically for three points (which is tedious),
write an R script to compute the Fisher information numerically, then invert it to obtain Var[b].
Visualize Var[b] over the (x1,z2)-plane and identify the optimal locations graphically. Guided
by the result in part a), make reasonable choices of the region in which you are searching. On
web site of the exercises you can find a function mapper () that can help to map Var[b] in the
(x1,x2)-plane.

Note (once again): all considerations above can be done before any actual measurements have been
taken. While not vital for the given problem, it is useful to know the operation characteristics of the
measuring device and its measurement limits.

6.2 Fitting a straight line with known uncertainties in y

The next exercise is taken from the paper by Hogg et al. “Fitting a straight line to data”. Have a
look at their section 1 for verifying your solutions.

Using the least-squares approach discussed in the lecture (or the method in Hogg et al.), fit a
straight line, y = ma + b to data points 5 through 20 from hogg_tablel.txt (on the web site), taking
measurement uncertainties o, into account. Ignore the first four data points and also disregard the
columns for o, and Cor[z, y].



: Write an R-program to compute:

e the best fitting parameters for the slope m, and intercept b,

e their uncertainties o, and o} from the covariance matrix,
Covlb,m]

ThOm,

e the correlation coefficient Cor[b, m]= , and

e the x? goodness-of-fit statistic of the fit.

: Generate a plot showing the points, their associated uncertainties, and the best-fit line. Hint:
error bars can be plotted by using arrows, e.g.:

arrows(x, y-sigy, x, y+sigy, length=0.05, angle=90, code=3)
and for the best-fit line, you can use
abline(a=b, b=m, col="red", 1lwd=2)

: How can we visualize the uncertainty in the best-fit line? One approach is to plot multiple lines
corresponding to slope and intercept values at +10 uncertainty. Can you think of other ways?

: Repeat parts a) to c¢) but now use all the data points in the table. Compare the results to your
previous fit (using only points 5-20) and discuss the differences. Things to consider:

e Do the parameter estimates change significantly?

What happens to the estimated uncertainties?

Does the x? goodness-of-fit improve or worsen?

Visually assess how including all points affects the fit.

Are all points equally valuable for the fit?

: Compare your manually computed parameters and their errors to R’s built-in 1m function,
which fits linear models to data. Extract the parameter estimates and their uncertainties using
summary (). How do the results compare? Why might there be differences?

Hint: The 1m function might appear a bit cryptic. Have a look at the example below for inspi-
ration.

Im_fit <- Im(formula =y ~ x + I(x72), data = table_hogg, subset = (5:20),
weights=1.0/table_hogg$sigy~2)
summary (lm_fit)

Note that the “std. error” in the output of Im() are not the 1o uncertainties. Instead, these
values are the standard errors of the regression coefficients, which are primarily used for hypoth-
esis testing in combination with t-statistics. To obtain the actual 1o uncertainties (standard
deviations) of the parameter estimates, you need to extract them from the covariance matrix of
the fit.



